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For any two vectors u, v € V, a point on the
line segment joining them is given

parameterised by t € [0, 1], as

p=fiy=(1—-ta+1tv
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Any point on a line in the direction of unit
vector u : |[ul|3 = 1, and an incident point

Po may be given parameterised by t € R as,

p=ft) =po+ tu
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Distance from the origin O to the line E
calculated with the Hesse normal form.

Normal vector in red, line in green, point O
shown in blue.

Given,
Normal to the line ng : ||ng||3 = 1, and
its distance from origin, d,

The point on the line is given implicitly as the locus
of all points p that satisfy,

np-p—d=20
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Implicit Form:

f(;>=x2—|—y2—r2=0

Parametric Form:
Ficure: Image Courtesy: Wikipedia

fir, 1)
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https://en.wikipedia.org/wiki/File:Circle-withsegments.svg

Ficure: Image Courtesy: Wikipedia

Standard form

27y
Parametric Form

f(t; a b) _ [acos t

bsin t}
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https://commons.wikimedia.org/wiki/File:Ellipse-param.svg
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In a quantised (pixelated or discrete) 2d
plane, find the set of points that visually

approximate a given curve, say a straight
line or a conic.
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Iteratively, increment along one axes,

with respect to which, the slope of the curve
is gentle.

Decide whether it is required to increment
along the perpendicular axis or not.

Increment if required.
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Mid-point algorithm is applicable to a

curve within a given finite interval, iff

In other words,

The curve increases monotonically;
The curve increases gradually.

0<dy<dx
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GENERIC ALGO
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Algorithm 1: Generic Mid-point Algorithm

Input: xp, Xpax € Z
Input: F: R> = R
Output: C= {po, ..., Pmax} C Z°
X0 X0
— FF =0
po [[)’01] <J/0>
fort € {1,..., max} do

1
Pmid < P+—1 + (1)
2

Ot < I[F(Pmia) < 0]

1
Pt < pr-1+ <5>
t

Start and end x-coordinates.
Signed Distance Function from the curve.

Curve in discrete 2D space.
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y/dx < 1

—_ o rl_. _
NN N A

x/dy
Read more [...]

_CASE 1
_CASE 2

_CASE 3
A

...CASE 4
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https://tiet-mca101.github.io/lectures/images/2024-09-02-Note-08-32_annotated.pdf

MID-POINT ALGO FOR ST. LINE

Casel.0< A<B

Algorithm 2: Mid-Point Algorithm for Straight Line

1 Function MID-POINT-ALGO-ST-LINE-BASE (X1, y1, N, a, b, ¢) is Base case.
Input: x, 1), Ne ZFO <N Start coordinates and num points.
Input: a,b,c€ Z+- 0 < a < b;beven Coefficients: F(x,y) = ax — by + c.

Output: C= {(x1,y1), ceey (xN7 J/N)} cz?

An ordered sequence; a curve in discrete 2D space.
(51 <— axy — byl — g +c % € Z because b even.
forte {2,...,N} do

x4 x-1+1

Ot 01 +a—b-10 < ;1]

Ve ye1 +10 < 5

7 return C = {(xl,)/1),---7(xN7yN)}
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MID-POINT ALGO FOR ST. LINE

Casel.0< A<B

Algorithm 3: Mid-Point Algorithm for Straight Line (alternate) [...coNTD]
Input: x, )1, Ne ZFO <N Start and end x-coordinates.
Input: a,b,c€ Z+ 0 < a < b;beven Coefficients: F(x,y) = ax— by + c.

Output: C= {(x1,31), ..., (xn, yN) } C z?

An ordered sequence; a curve in discrete 2D space.

1 Init: C+ () Initialise as array.
2 Init: (x,y,0) < (x1,y1,0) Initialise as integers.
3 (5%6[3(—[7)/—%—‘1-0 gEZbecausebeven.

4 C-PUSH ((x, y)) (x, ) is a tuple.




MID-POINT ALGO FOR ST. LINE

Casel.0< A<B

Algorithm: [contp ..] Mid-Point Algorithm for Straight Line (alternate)

7 fort € {2,...,N} do

8 x+—x+1 Increment along x-axis.
9 0 d6+a—b- 1[0 < (5] Update decision param 9.
10 y<—y+ I[O < (5] Update along y-axis based on decision param.
11 C - PUSH ((x, y)) (x, y) is a tuple.

12 return C




MID-POINT ALGO FOR ST. LINE

Handle all cases (Case 2)

Algorithm 5: Mid Point Algorithm for Straight Lines (all cases) [...coNTD]

1 Function MID-POINT-ALGO-ST-LINE (X1, Xmax, 4, D, ¢) is

2 A wrapper around MID-POINT-ALGO-ST-LINE-BASE

Input: X1, Xmax € 7+ x < Xmax Start and end x-coordinates.
Input: a,b,c€ Z |- a, beven SDF F(x,y) £ ax— by +c.
Output: C = {(Xl, yl), ey (xmax, ymax) Collection of points on curve.
3 (yl, ymax) — ( [CDQT-"-C" s [%W“ ) Compute start and end y-coordinates.
4 if 0 < a < —b then Case 2. F/(x,y) = F(x, —y)
5 (x1,y1,N, a,b,¢) < (x1, — V1, Xmax — X1 + 1, a,—b, ¢) Flip about x-axis.
6 define: TRF ((x, y)) — (x, —y) Define inverse transformation.




MID-POINT ALGO FOR ST. LINE

Handle all cases (Case 3, 4)

Algorithm: [contp..] Mid Point Algorithm for Straight Lines (all cases) [...coNTD]

7
8 elseif 0 < b < athen Case 3. F/(x,y) = F(—y, —x)
9 (xl, 1, N, a, b, C) — (*Ymaxa —Xmax, —Y1 + Vmax + 1, b, a, C) Transpose.
10 B define: TRF ((x, y)) — (—y, —x) Define inverse transformation.
11 elseif 0 < —b < athen Case 4. F'(x,y) = F(—y, x)
12 (xl, Y1, N, a, b, C) — (ymax, —Xmaxs Y1 — Ymax + 1, *b, a, C) Both flip and transpose.
13 B define: TRF ((x, y)) — (—y, X) Define inverse transformation.




MID-POINT ALGO FOR ST. LINE

Handle all cases (Case 1)

Algorithm: [contp...] Mid Point Algorithm for Straight Lines (all cases)

14

15 else Case1.0<a<b
16 N+ Xpax — x1 + 1

17 L define: TrF ((x,y)) — (x, ) Identity.
18 C < MID-POINT-ALGO-ST-LINE-BASE(X1, y1, N, a, b, ¢)

19 C < MAP(TRF, C)

20 return C




Using Bresenham’s/ Mid-point Algorithm,

compute the points along the following
lines, between

(2,0) — (6,2)

(0,1) — (6,13)
(0,1) — (6,—2)
(0,4) — (6,—8)
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For each part, tabulate a, b, ¢, x1, Xmax; Y1, Ymax, @5 V', s X}, Xpaxs V1> Vinaxs N-

Part X1 Y1 Xmax Ymax @ b ¢ d V ¢ X Y X Vex N
1 2 0 6 2 1 2 -2 1 2 -2 2 0 6 2 5
2 0 1 6 13 2 1 1 1 2 1 -13 -6 -1 0 13
3 0 1 6 -2 1 -2 -2 1 2 -2 0 -1 6 2 7
4 0 4 6 -8 2 -1 -4 1 2 -4 -8 -6 4 0 13
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SOLUTION 1 STEP 2

Compute the table of x, y, 0, [[0 < 0] for each iteration from 1 to N. Subsequently

compute TRF (x, y).
Showing here for part 4.

X ¥, N d bV ¢ &

8 6 13 1 2 -4 -1
Iteration 1 2 3 4 5 6 7 8 9 10 11 12 13
XX +1 8 -7 6 -5 4 -3 -2 -1 0 1 2 3 4
60y 06-1+d-V¢eqy -1 0 -1 0 -1 0 -1 0 -1 0 -1 0 -1
¢ < 1[0 < 0y 6o 1.0 1 0 1 0 1 0 1 0 1 0
ViV t+o 6 -5 -5 -4 -4 -3 -3 -2 -2 -1 -1 0 0
x < —y 6 5 5 4 4 3 3 2 2 1 1 0 0
y+ X 8 -7 6 5 -4 -3 -2 -1 0 1 3 4



Can the calculations be done using an
online spreadsheet with formulae?

Can the complete algorithm be
encoded on a spreadsheet?
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[Link to Spreadsheet]
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https://docs.google.com/spreadsheets/d/13s1unOAzBQmYA4SF9ifBtw02AEAUlfRTaOvl4m2cbEc/edit?usp=sharing
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FiIGURE: We choose 8-way symmetry of the
circle for computational efficiency.

DA



EFFICIENT COMPUTATION

FiIGURE: We choose 8-way symmetry of the
circle for computational efficiency.

Computing the points on any one of the eight
symmetrical sectors (octant), gives us the points
on the other seven.

Let (x, y) be the point on one octant, the other
seven are given as,

(x, =)
(—x,y)
(—x,—)
(¥, %)
(¥, —x)
A (- x
(—=y,—x)
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Given a circle with radius 7, centred at origin, we

intend to compute the points on (or nearest to) the
circle within the octant defined by end points,
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(xy) =2 +y -7

At timestep t, let (x;, y;) be the point closest to the
curve given by F(x, y) = 0.
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X1 = xt-'- 1

Ver1 = Y+ 1011 > 0]
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X1 = X+ .

Vert =yt 101 > 0]
dep1 = F(

1
x: + 1’3’t+§)

1
SR R R Rt
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X1 = x4 1
Vet = vt 10 > 0)
01 = Fo + L,y + 5)
=x?+2xt+1+};t+yt+i_,2

O =Fx1+1,y-1+ %) i

1
Xt V-1t g

5)

1
:x?+)/?—1+yt_1+z—'2
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Xep1 = x+ 1

‘
1
1
Sl
]
i

- f Vi1 = Yi + 10141 > 0]
V Sep1 = Fxe + 1,y + %)
:"?+2xt+1+ﬁ+yt+%—r2
0 = Flx—1 + 1, yi—1 + %) = F(xt, y-1 + %)
:x%+y%—1+yt—l+i—72

o1 =0 =2x+1+ ¥ —y-1)(e + ye1 + 1)
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1 =t

Virt = Yot Toe1 > 0]

01 — 0 =2+ 1+ (Y — ye1)(ye + 1 + 1)
Ore1 = 0r+ 2% + 1 + I[5t > 0] . (2}’t)
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b1 =%t 1

Yt = i oisa > 0

Sppr = 0p+ 2%+ 1+ 15, > 0] - (2y,)

<O < Fr «=>»
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Algorithm 8: Generic Mid-point Algorithm

Input: xp, Xpax € Z
Input: F: R> = R
Output: C= {po, ..., Pmax} C Z°
X0 X0
— FF =0
po [[)’01] <J/0>
fort € {1,..., max} do

1
Pmid < P+—1 + (1)
2

Ot < I[F(Pmia) < 0]

1
Pt < pr-1+ <5>
t

Start and end x-coordinates.
Signed Distance Function from the curve.

Curve in discrete 2D space.




MIDPOINT ALGO FOR CIRCLE OCTANT

Algorithm 9: Mid-Point Algorithm for Circle Octant

1 Function MID-POINT-ALGO-OCTANT (7) is Base case.
Input: re Z-0<r Radius of the circle.
Output: C= {(xl, yl), ce (XN, yN)} c 7?

An ordered sequence; a curve in discrete 2D space.

2 C+ 10 Initialise array.

3 (x, v, 5, N) — (O, —rnl—r, [ﬁ-‘) Initialise with boundary condition.

4 C- PUSH((X, y)) (x, ) is a tuple.

5 for x € {1, R ,N} do Iterate over x

6 y < y+16 > 0]

7 C- PUSH((X, y)) (x, y) is a tuple.

8 d—d+2x+1+10>0]-(2y)

9 return C




MIDPOINT ALGO FOR CIRCLE OCTANT

Algorithm 10: Mid-Point Algorithm for Circle

1 Function MID-POINT-ALGO-CIRCLE (7) is All cases.
Imput: re Z-0<r Radius of the circle.

Output: C= {(x1,y1),. .., (xn, yn)} C Z?

An ordered sequence; a curve in discrete 2D space.

C <~ MID-POINT-ALGO-CIRCLE (7’) Initialise with octant points.
define: QUAD-SYM ((xv y)) = [(xv y)> (xa _y>a (_xv Y)v (_x> _)/)]

define: ocT-sYM ((x, y)) — CONCAT (QUAD-sYM ((x, ¥)), QUAD-sYM ((y, x)))

C < MAP-CONCAT (OCT-sYM, C)

return C
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Ax y;a,b) = B2 + 297 — &P
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Let point (x;, ;) be closest to the
theoretical curve,
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X1 = X+ X

it = i s > 0
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X1 = X+ ,

Viet = et Ioer > 0]

1
Opp1 = F + 1, 1 + 5)

= B+ 12+ a(y +

2)2 — a?P?
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Xt+1 = X0+ .

Yert = Yr+ [0p41 > 0]
dip1 = K

1
xt—i— I’yt—|—_)
1
— Z(Xt+1)2_|_ 2(yt+_

2)2 — &P
= VP2 + 20Px, + bP + &P + aPy + @ — @ DP
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X1 = x + .

Virt = Yot Ioe1 > 0]

Orp1 = Flxe + 1,y + 5)
1
= bQ(xt + 1)2 + aQ(Yt + _)2 o

= P’ + 20%x, + b2 + &P + ay + @ — @b
0y = b2x? + a2 1T a2}/t_1 + o
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X1 =x+ 1

Va1 = Yr+ 10141 > 0]
di1 = K

1
x+ 1,y + =

5)
=ﬁ&ﬁdf+ﬁm+%ﬁ—£ﬁ

= VX 4 20%x, 4 b + &y + &Py + & — @b
6= U°x; + @y} + dy1 +a® — a’b°

Sep1 — 0y = 20%x + 0% + @ (Yis1 — ) (Y41 + 1+ 1)
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X1 =x+1

Ver1 = Ye + 1011 > 0]

Orr1 — 0r = 2b%x: + b° + aZ()’tJrl =) (Yer1 + e+ 1)
Sip1 = 8¢+ 20%x, + b* + 1[0, > 0] - (2d%y,)
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att=1,x=0,y=—b
at t=2,

1
(52 = F(xl 4 1,y1 . 5)
1
= b2 + a2(—b+ _)2 B a2b2
2
= b2 . a2b+ a_

4
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y1=-b
a2
8y = b — a®b+ —

NrEw
Xep1 = x+ 1

Vir1 = Yo+ 101 > 0]

Orp1 = ¢ + 267, + b* + 1[0, > 0] - (2d%y,)
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MIDPOINT ALGORITHM FOR ELLIPSE

Algorithm 11: Mid Point Algorithm for Ellispe (BottomRight)

1 Function MID-POINT-ALGO-ELLIPSE-BR (a, b) is Base Case.
Input: a, beZF0<ab Semi-axes-lengths of the ellipse.

Output: C= {(x1,y1),. .., (xn, yn)} C Z?

An ordered sequence; a curve in discrete 2D space.
2 C+ 0

3 (x7y76)<_(07_b7 b2—(,12b+ {%1)
4 C- rusH((x, y))

2
| Nl TEw]

for x € {]., . ,N} do Iterate along the x-axis.
y < y+10 > 0]
C- pusH((x, y))
§+ 6+ 20Px+ b+ 110 > 0] - (2a%y)

10 return C.

o 0 N




MIDPOINT ALGORITHM FOR ELLIPSE
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Algorithm 12: Mid Point Algorithm for Ellispe (Collect Symmetric Points)

Function MID-POINT-ALGO-ELLIPSE (4, b) is All cases.

Input: g, be Z+-0<a,b Semi-axes-lengths of the ellipse.
Output: C= {(Xl, yl), cee, (XN, _‘yN)} c 7?

An ordered sequence; a curve in discrete 2D space.

C1 < MID-POINT-ALGO-ELLIPSE-BR (@, D) Collect Bottom Right For (a,b)
define: QUAD-sYM : ((x’ .V)) = [(x’ Y)v (x’ _y)v (_x) J/), (_xv _Y)]

C1 ¢ MAP-CONCAT(QUAD-sYM, C1) Collect Quan-sym for C.
Cy < MID-POINT-ALGO-ELLIPSE-BR (b, a) Collect Bottom Right For (b,a)
define: QuAD-sYM-FLIP : ((x, y)) — QUAD-sYM((y, x))

Cy < MAP-CONCAT(QUAD-SYM-FLIP, C3) Collect flipped ouaD-syM for Ca.

C + concat(Cy, Ca)
return C.
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